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The transport processes in the mold and in the cooling zone for continuous casting have been simulated. This
problem is of particular interest in several manufacturing technologies, such as metal casting, fiber glass drawing,
plasting extrusion, and Czochralski crystal growing. A few one-dimensional, three-zone models have been
developed and analytical solutions obtained. The location and shape of the liquid-solid interface and the tem-
perature fields in the liquid and solid have been investigated. A two-zone model for one-dimensional problems
has been also introduced to solve the problem, employing the finite-difference method. The enthalpy method
with an assumed heat transfer coefficient at the surface of the material, has been employed to solve two-
dimensional problems, considering the axial diffusion term and thermal buoyancy effects in the liquid. The full,
elliptic equations are solved employing finite-difference techniques. The temperature and flowfields in the liquid
zone and the mass fraction of the liquid are computed as solidification proceeds. The results obtained indicate
good agreement with analytical solutions given in the literature for small Peclet number. The interface shape
and the resulting temperature fields are found to be strongly dependent upon the cooling rate in the mold and
the withdrawal speed of the solidified material. Axial diffusion is found to be important and the buoyancy effects
to be small over the parametric ranges considered, which apply for several relevant processes in practice.

Nomenclature
A = cross-sectional area of cast material
Bi = Biot number, defined in Eq. (5)
C - specific heat of solid or fluid at constant pressure
d = half-thickness or radius of cast material
/( — mass fraction of liquid
Gr = Grashof number, defined in Eq. (31)
g = magnitude of gravitational acceleration
H = enthalpy
H() = enthalpy evaluated at zero T
h = convective heat transfer coefficient
k - thermal conductivity
kf = thermal conductivity ratio, k/kx
L — latent heat of fusion
(. = mold length
tf = distance from inlet liquid level to the liquid-solid

interface
(:} = distance from inlet liquid level to the inlet of the

mold
£2 = distance from inlet liquid level to the end of the

mold
m = mass fraction of solid in the mold
P = perimeter of cast material
PC = Peclet number, defined in Eq. (5)
Pr = Prandtl number of the fluid, via
p — local pressure
Re = Reynolds number, defined in Eq. (32)
Ste — Stefan number, defined in Eq. (5)
T = local temperature
Tm = melting or solidification temperature
/ = physical time
U = dimensionless velocity component in x direction,

u/U,
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Us = withdrawal speed of the solid material
u — local velocity in x direction
V = dimensionless velocity component in y direction,

v/U,
v_ — velocity component in y direction
V = dimensionless velocity vector, v/U,
v = velocity vector
X = dimensionless x coordinate, xld
x = coordinate distance in direction of material motion
V = dimensionless y coordinate, y/d
y = coordinate distance normal to direction of material

motion
a = thermal diffusivity, k/pC
j8 = coefficient of thermal expansion of the fluid
8 = solid thickness in the mold
0 = dimensionless local temperature,

(T - TJ/(Tm - T,)
v = kinematic viscosity of fluid in the interface zone
vr — ratio of the kinematic viscosity vlvt for liquid-solid

interface zone
p = density
r = dimensionless time, tUJd
^ = dimensionless stream function, \\slUsd
\\f = stream function
ft = dimensionless vorticity, cod/LJ,
co = vorticity
a) = relaxation factor

Subscripts
k = phase designation
/ = liquid
m = melting point
s = solid
0 = inlet of liquid
1 = liquid zone
2 = mold zone
3 = secondary cooling zone
^ = ambient

Superscript
* = dimensionless quanti ty
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Introduction

C ONTINUOUS casting is a very important manufacturing
process, particularly for metals, since it offers several

advantages. The microstructure of the metals processed by
continuous casting is dendritic (as in casting in an enclosed
region), but is more dense and uniform because the whole
length receives the same treatment in the mold. In addition,
the continuous casting process is essentially automatic and the
unit labor cost is low. Dies or molds are made of copper or
graphite and are simple and inexpensive. The basic process
involves the flow of the molten material in a mold, which is
often water cooled, followed by a high cooling rate down-
stream. This results in the solidification of the liquid across
a phase interface and the solidified ingot is withdrawn at a
uniform velocity U,. The process under consideration is also
similar to several other manufacturing techniques, such as
fiber glass drawing, plastic extrusion, and Czochralski crystal
growing.1 3

Due to the absorption or release of latent energy, phase-
change problems are nonlinear, and exact solutions are lim-
ited to a small class of problems in one-dimensional, infinite,
or semi-infinite regions, with several simplifying assumptions.
Numerical, finite-difference or finite-element methods offer
the most practical approach for solutions to multidimensional
problems. The general treatment can be conveniently divided
into two groups. Single-region methods apply the energy
equation once over the complete domain, covering both phases.
The latent heat release is simulated by appropriate modifi-
cation of the specific heat or enthalpy. Multiregion methods
apply the energy equation separately for each phase and spec-
ify the proper coupling due to boundary conditions between
the phases. In general, the single-region approach leads to
simpler methods, whereas, the multiregion approach requires
tracking the phase interface, which is an unknown function
of space and time.4 However, the one-zone models tend to
be less accurate in the region near the interface since the
interface is smeared over a finite region.

The heat balance integral method for solving heat transfer
problems associated with solidification has been presented
and its application to the continuous casting process has been
illustrated by Hills and Moore.5 Three assumptions were made
in applying the integral profile technique: 1) heat conduction
occurs in the transverse direction only although heat is trans-
ferred in the axial direction by the motion of the solidified
material; 2) the removal of heat in the mold can be described
in terms of a constant heat transfer coefficient; and 3) the
liquid metal is at zero superheat throughout, and therefore,
temperature gradients occur only in the solid layer. Due to
the assumptions employed this method can be applied only
to simplified situations. Mizikar6 extended this integral method
to solve transient, two-dimensional, heat conduction prob-
lems with solidification. Heat balances for both the solidified
shell and the molten stream have been used for the analysis
of the closed-mold, horizontal continuous casting system.7

The resulting governing equations are solved by finite-differ-
ence techniques. However, these investigations ignored the
axial diffusion terms, representing conduction in the with-
drawal direction. Sfeir and Clumpners applied the heat bal-
ance integral method to solve continuous casting of a cylin-
drical ingot, including the axial diffusion term in the analysis.
The effect of axial conduction was found to be significant for
small withdrawal speeds.

Recently, extensive analytical work on the continuous cast-
ing process has been carried out by Siegel.g 14 Employing the
conduction equations that apply in the material, the solution
was obtained by using complex variable methods, particularly
conformal mapping and the Cauchy integral formulation. Most
of the work was directed at two-dimensional slab casting and
asymmetric cases were also considered. The effects of the
boundary conditions on the interface shape and the solidifi-
cation rate were investigated in detail. Three-dimensional so-
lidification was also considered. The emphasis in these articles

was on the shape and characteristics of the solidification in-
terface for an insulated mold.

Other analytical and numerical studies have been carried
out on the continuous casting problem by many investiga-
tors.15 ' l > The exact solution for this problem is obtained, as-
suming that the temperature of the incoming liquid material
is uniform and equal to the solidifying temperature of the
material.1 5 A two-dimensional thermal model of a billet mov-
ing through the various sections of the caster is described by
DeBellis and LeBeau.16 They discussed the effects on the
solidification length, shell thickness, and billet temperature
profile due to changes in the process variables, such as steel
grade, casting speed, and the flow rate of cooling spray. The
two-region model was adopted by Kroeger and Ostrach4 to
investigate the temperature and flowfields during solidifica-
tion of a pure metal in a moving slab, including natural con-
vection or buoyancy effects in the liquid pool. A moving
numerical grid and coordinate mapping procedures were used
during these calculations. It was found that the buoyancy force
strongly affects the flowfield but had a negligible effect on
the solid-liquid interface location and shape.

Since the single-region approach (which is also called the
enthalpy model or the continuum model) leads to a simpler
model than the multiregion approach, this model has been
employed recently to solve phase-change problems. Bennon
and Incropera20 21 used the enthalpy model to investigate the
momentum, heat and species transport in binary solid-liquid
phase-change problems. Hunter and Kuttler22 solved heat
conduction problems with moving boundaries associated with
phase-change, combining the enthalpy method with Kirchhoff
and coordinate transformations. The solidification process in
the flow in a channel has also been investigated by the en-
thalpy method.23 Recently, a finite-element formulation based
on the enthalpy method has been developed to predict the
transient field in the continuous casting process.24 Other stud-
ies have considered continuous casting of steel employing
experimental methods and various simplified models for the
design of the system.25 27 Turbulent flow in the mold region
and its effect on the cast material have also been investi-
gated.28 -2y Thus, the emphasis has been on practical processes
and particular materials of interest.

In the present study a few multiregion models with the one-
dimensional approximation have been analytically and nu-
merically investigated. Simplified assumptions are made to
obtain the exact solutions of the temperature distributions,
the solidification thickness, and the solid-liquid interface lo-
cation. The two-dimensional enthalpy method with an as-
sumed heat transfer coefficient at the surface of the material
has also been employed to solve the continuous casting prob-
lem, considering the axial diffusion term and thermal buoy-
ancy in the liquid. The thermal field, the flowfield in the liquid
zone, and the mass fraction of the liquid are obtained. The
liquid-solid interface zone—in which the solid and liquid co-
exist—are determined by the distribution of the mass fraction
of the liquid. Constant heat transfer coefficients are assumed
along the mold wall and along the secondary cooling zone.
The various analytical and numerical approaches are com-
pared to indicate their limitations. The methods can be em-
ployed for many diverse manufacturing processes and the
study brings out the important considerations in the modeling
and simulation of such processes.

One-Dimensional Models
The difficulties in solving heat conduction problems in-

volving phase-change arise from the nonlinear partial differ-
ential equations, which govern the problem. In general, these
cannot be solved analytically and solutions must be obtained
either by simplifying the physics of the problem or by using
some approximate mathematical technique. In simplifying the
physics of the problem, some assumptions are made to obtain
analytical solutions for the continuous casting process.
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Mold Zone

Spray Cooling Zone

Fig. 1 Schematic diagram of the one-dimensional, three-zone model
for the continuous casting process.

Three-Zone Model I
Consider molten material with uniform temperature T,,,

which is higher than the solidification temperature Tm. The
liquid is assumed to have cooled down to T,,, when it enters
the mold. The latent heat is removed in the mold zone with
the temperature maintained at Tm. Therefore, solidified ma-
terial at temperature Tm emerges from the mold. The cast
material may be a cylindrical rod or a plate. A schematic
diagram of this process is shown in Fig. 1. For a one-dimen-
sional approximation the temperature is taken as uniform over
each cross section. The thermophysical properties are taken
as constant during the process. The heat transfer coefficients
in the liquid, mold, and solid regions, are taken as constant
at the values of / / , , h2, and /23, respectively. In the three-zone
model I axial diffusion is neglected although this term will be
included in the three-zone model II to be outlined later. The
required distance from the molten liquid level to the mold
inlet £, and the mold length € may be determined as the
solution. The solid thickness in the mold as well as the tem-
perature distributions along the downstream distance are also
obtained.

The governing equations with the above simplified as-
sumptions are as follows:

Liquid Region

pCUxA — = ~h}P(T - 7J (1)

Equation of the Mass Fraction of the Solid for the Mold Region

pCU.AL - h2P(Tm - TJ

Solid Region

pCU,A - = -h,P(T - T,}cb:

Also, the boundary conditions are

r(0) = r(), T(t{) = r,w, 7(*) - T,
m(t^ = 0, m(t2) = 1.0

(2)

(3)

(4)

Equations (1-4) and the corresponding solutions are gener-
alized by the following nondimensionalization:

6 =
T - T,

(5)

Fig. 2 Temperature profiles from the three-zone model I.

Clearly, this is a fairly idealized situation. But an analytical
solution can be obtained which may be used for the validation
of more accurate models.

If a cylindrical rod is produced by the continuous casting
process, the ratio of A to P becomes d/2. The analytical so-
lutions obtained for this case are as follows:

Liquid Region

0 = 0 i } Q \ p [ - ( 2 B i } / P e ) X ] (6)

Mold Region

0 = 1.0, d*(X) = m(X) = (2Bi2Ste/Pe)(X - € f ) (7)

Solid Region

6 = exp[-(2£/y/V)(A' - ft)] (8)

The length £f from the level of the molten material to the
mold inlet and the mold length, £* = €* - £f , are

€f = % ,. 4,. r - Pe
2Bi,Ste (9)

The resulting temperature profile is shown in Fig. 2. The
distance £f and the mold length €* are varied, depending on
the governing parameters, as given in equation (9). Similarly,
solutions for other geometries may be obtained. This model
will be applicable to circumstances with small Biot numbers,
so that the variations across the cast material are small. Also,
axial diffusion is taken as negligible compared to the convec-
tion due to material motion. This is often valid at typical
withdrawal speeds. But if Us is small (as indicated by the
Peclet number) axial diffusion effects must be included as
given below.

Three-Zone Model II
The distance to the top of the mold €, is given as an input

and the axial diffusion term is considered in this model. The
governing equations are as follows:

Liquid Region

pCU.A — - kA —— - h,P(T - Tv) (10)ck dx-

Equation of the Mass Fraction of the Solid for the Mold Region

pU.AL-j^ = h2P(Tm - 7J (11)

Solid Region

CU^A = kA - h,P(T - T,) (12)d.v dv-
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The dimensionless equations are obtained, with the di-
mensionless variables given in Eq. (5) as follows:

Liquid Region

Solid Region

(13)

(14)

The boundary conditions with these dimensionless variables
are as follows:

Liquid Region

0(0) = 0() and = 1.0

Solid Region

= 1.0 and 0(oc) = 0.0

(15)

(16)

For the mold region, the governing equations and the
boundary conditions are the same as those for the three-zone
model I. Thus, the solutions for m and 6* become identical
to those given by Eq. (7). The analytical solutions for the
temperature are:

Liquid Region (i.e., 0 < X < t?)

0 =

Solid Region (i.e., X > (?)

0 =

where A , , A2 , and A3 are as follows:

A, = [(Pe + VPe2 + 8£/,)/2]

A2 - [(Pe - VPe2 +

(17)

(18)

(19)

A3 =

The resulting temperature profiles are shown in Fig. 3. Pe is
varied at fixed Bil and J5/3 in Fig. 3a, and Bil or #/3 is varied
at fixed Pe in Fig. 3b. An increase in Pe increases the con-
vection effects (compared to axial diffusion) and the temper-
ature delay downstream becomes more gradual due to the
larger speed of material withdrawal. An increase in Biot num-
bers increases the cooling rates, and therefore, accelerates
the temperature delay. Thus, this model is an improvement
over the previous one and will apply as long as the Biot
numbers are small enough to cause small variations across the
cast material.

Two-Zone Model
The one-dimensional, two-zone model is applied here to

investigate the continuous casting process. The axial diffusion
term is again considered in this model. The schematic of the
one-dimensional, two-zone model, and the relevant boundary
conditions are shown in Fig. 4. The location of the liquid-
solid interface is obtained as a solution. The latent heat of
fusion is assumed to be released locally at the interface. The
governing equations are

Pe increases

Pe increases

a) 0

Bi3 increases

b) 0

Fig. 3 Temperature profiles from the three-zone model II at a) given
Biot numbers, and b) given Peclet number.

1
Mold Zone //

Spray Cooling Zone

£
k

Fig. 4 Schematic diagram of the one-dimensional, two-zone model
and the corresponding boundary conditions.

The dimensionless governing equations are obtained with the
nondimensionalization given in Eq. (5), as

dd_
~dX

dO_
~dX

Pe— at interface (21)Ste

The boundary conditions are as follows:

Liquid Region

0 = 0 , , at X = 0

PCUSA - - kA - h,P(T - TV)djc dr

dx + pUxL at interface (20)

dO_
dX

dO_
dX

at (22)

0 = 1.0 at X = (.]
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Solid Region

dS

8 = 1.0

= di
~ d*

at X =

Pe
- — atSte A' - (23)

or as X

Here, £* is the dimensionless distance from the liquid level
to the interface location. Bi, represents the local Biot number.

The finite-difference equation is obtained by applying the
three-point central difference scheme to Eq. (21). The suc-
cessive over relaxation (SOR) iterative method30 is employed.
The temperature at the (n + 1) iteration step is given by

Pe
{Bi, 2(AA-)J

Pe
(24)

where the superscript n denotes the iteration level and d) is
the relaxation factor, with 1 < o> < 2.

The iterative method starts with a guessed initial field and
sequentially improves the field by using successive iterations
until convergence is achieved. The solid-liquid interface lo-
cation i'* is changed within the tolerance which is taken here
as hX = 0.05. When the solidification temperature 0 = 1.0
is located between the grid points the interface location ^* is
calculated by interpolation.

The numerical results for the boundary conditions 0 = 0
and dO/dX = 0 far downstream—taken as X = 100 here—
are obtained and found to be identical. This implies that any
kind of downstream boundary condition (Dirichlet or Neu-
mann) is satisfactory for this problem if the condition is spec-
ified far enough downstream. The location of the downstream
boundary location was also varied from X = 20 to X = 100,
and it was found that X = 20 is large enough when the
Neumann boundary condition is applied there. A larger value
was found to be satisfactory for the Dirichlet condition.

The numerical solutions with the Neumann boundary con-
dition at X = 20 were obtained for different values of the
governing parameter Ste. The calculated temperature distri-
butions are shown for various Ste in Fig. 5 at Pe = 1.0, Bil
= 0.0, Bi2 = 0.1, and Bi, = 0.5. The mold is located in the
region from X = 4 to X = 10. The solid-liquid interface
location is easily found by tracking the dimensionless tem-
perature 6 = 1.0 or the discontinuity in the temperature gra-

Pc = r.O, Bi j = 0.0, Bi2 = 0.1, Bi3 = 0.5
- Ste= 1.7
----- Sie = 10.0
----- Ste = 50.0

0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0

Fig. 5 Effect of Ste on calculated temperature distributions from the
one-dimensional, two-zone model.

dient, which is imposed by the boundary condition at the
interface.

As seen in this figure the interface location moves upstream
as Ste increases. However, the results are not affected sig-
nificantly by changing Ste from 1.7 to 10.0. According to the
nondimensionalization at very large values of Ste, the problem
approaches the single-phase problem since L approaches zero.
With Ste = 50 the interface location is hard to pick from the
discontinuity of the temperature gradient. This implies that
the case of Ste = 50 is very close to the conduction problem
with no phase change. This model, therefore, allows a com-
putation of the interface location as well as the temperature
field. Variations across the material are neglected, as done
for earlier models. But the interface location is determined
as a function of the operating conditions. This model will be
particularly useful for cases that involve a fairly flat interface
such as that for insulated molds. t; 12 Again, the model is an
idealized one and can be used for the validation of two- and
three-dimensional models that may be employed for more
complicated situations.

Two-Dimensional Enthalpy Model

Analysis
Consider the molten material fed at x = 0 with laminar

flow at a uniform feed velocity Us over the entire cross section
and with constant temperature T(} > Tm. The temperature and
flowfields in the liquid, the temperature distribution in the
solid, the effect of thermal buoyancy, and the interface po-
sition and shape during steady-state operation are of partic-
ular interest in the process. The steady-state process is gov-
erned by the conservation equations for mass, momentum,
and energy, which may be expressed in continuum form as31

V-(pv) - 0

— + v-Vv = -^
dt p

V - ( y V v ) + g/3(T - 7\) (25)

— + pv-VH = V-(kVT)
dt

Each of the phase enthalpies is defined as

Hk = Q dT + //» (26)

Thus, the phase enthalpies defined by Eq. (26) are related to
the temperature by the expressions

H, = CJ\ Ht = CJ + [(C, - C()Tm + L] (27)

Except for obtaining the buoyancy force term in the momen-
tum equation, the continuum density p is assumed to be con-
stant, i.e., the Boussinesq approximations are employed.3"31

The continuum enthalpy and thermal conductivity are defined
as

H = /,(//, - //J; k = k, + f,(kt - /O (28)

Here /, is expressed from equi l ibr ium thermodynamic con-
siderations as

0 H < CJm

/, = (H - CJJ/L CJm < H < (CJ>n + L) (29)

1 (C\T,n + L) < H

The thermophysical properties of each phase are also as-
sumed constant, and the cont inuum dynamic viscosity v is
expressed as the harmonic mean of the phase viscosities in
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the limit . Therefore

(30)

The assumption of constant values of the specific heats and
the thermal conductivities of each phase is a computational
simplification suitable for solidification occurring over mod-
erate temperature ranges.

The pressure term in Eq. (25) is eliminated by taking the
curl of the momentum equation and transforming it into the
vorticity transport equation, as outlined by Jaluria and Tor-
rance/" *// and &; are defined as

H = —— , U = - —— , (U = — - —— (31)
dy rU" r^A" r^

Equations (25) and (31 ) are nondimensionalized by employing
the following transformations:

0, . ("XT'. -

(32)

The dimensionless equations thus obtained in the vorticity-
stream function formulation become

v*-^ = -n

(7T

It is noted that Pf in the energy equation is dependent upon
only the properties of the solid and not on the properties of
the liquid since the dimensionless quantity &,. is based on the
solid thermal conductivity /:,.

The boundary conditions on H, u, and Tare obtained from
the physical considerations of the continuous casting process.
Generally, these are the uniform temperature 7|,, higher than
the fusion temperature 7,,, of the molten material at the inlet,
and the constant withdrawal speed (/, of the solidified material
at the outlet. Additional boundary conditions downstream—
in X—are needed for temperature because of the elliptic
nature of the governing equations. The developed conditions
on the temperature field far downstream are applied here, as
discussed for the one-dimensional, two-zone model. The
boundary conditions in terms of fl and ̂  were obtained by
employing the appropriate transformation of the physical
boundary conditions/"

Numerical Scheme
Numerical calculations were carried out only for half of the

physical domain of the process because of symmetry in two-
dimensional, planar, continuous casting. Since each of the
continuum Eqs. (33) is valid throughout the entire solution
domain, the need for moving numerical grids, coordinate
mapping, and boundary conditions at the phase interface be-
tween solid and liquid is eliminated. Thus, only the externally
imposed boundary conditions are needed—as with conven-
tional single-phase analysis.

The full equations are solved by finite-difference methods,
employing the ADI scheme/" A uniform grid in the com-
putational domain and the central difference scheme for the
advection and diffusion terms are used. The sequence of the
numerical operations is identical to that used to solve con-
ventional single-phase problems. Since the vorticity and en-
ergy equations are coupled, an iterative procedure is adopted.
Within this iterative scheme, Eqs. (27-30) provide the nec-
essary descriptions of the temperature fields for the evaluation
of the buoyancy term, as well as the liquid mass fraction
distributions for the evaluation of continuum dynamic vis-
cosity and thermal conductivity. The numerical scheme was
validated by considering heated moving fluid in channels,
without phase change. Also, the grid was refined and the
results obtained were found to be independent of further
refinement. Several similar heat transfer and flow problems
were considered to ensure that the numerical scheme was
accurate and consistent. These results are not discussed here
for conciseness. However, the scheme is versatile and can be
used for a variety of moving materials undergoing thermal
processing.

Numerical Results and Discussions
The numerical scheme (based on the enthalpy method) has

been employed to investigate a continuous casting process.
The scheme, developed in the present study, has been applied
to an insulated mold" and the results obtained by the present
enthalpy method are compared with the analytical solutions
by Siegel." A schematic diagram of the insulated mold is
shown in Fig. 6. The geometry and boundary conditions are
also given in this figure. The jr coordinate starts at the top of
the insulated mold in the downstream direction and y indicates
the distance from the mold in the transverse direction. Since
the characteristic length is the half-thickness of the planar
mold, y = 0 is the mold wall and y = 1.0 is the centerline
of the moving material. A superheated liquid at a uniform
temperature T|, > 7,,, enters the insulated mold at a uniform
feed velocity [/,. To remove heat from the moving material
the ingot below the mold is assumed to be cooled by an
efficient convective heat transfer mechanism so that the sides
are at 7\. It is noted here that the /?? and Gr are not inde-
pendent variables since these parameters are incorporated in
Ff and inlet temperature 6,, of the liquid material. If a material
is chosen and the inlet temperature 7|, of the liquid material

Insulation Mold Symmetric Line

Fig. 6 Schematic diagram of an insulated mold.
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is specified, Ste and Gr are automatically determined. The
Reynolds number is related to the Peclet number. Thus, the
governing parameters are selected as Stc\ Pc\ 0,,, and the
cooling rate Bi.

A comparison is made between the liquid-solid interface
zone obtained by the enthalpy method and the analytical so-
lution of Siegel11 in Fig. 7. In this figure, the shaded area
indicates the liquid-solid interface region and the upper and
lower lines of the shaded area the boundaries of this region.
Another coordinate ,vs, which starts from the bottom of the
insulated mold in the upstream direction, is employed to make
the comparison easier. Here, the length of the insulated mold
is taken as 3d. It was assumed by Siegel that the cast material
is withdrawn very slowly so that the convection transport may
be ignored relative to conduction transport for simplification
in the calculations. He also assumed that the latent heat of
fusion is removed locally along the interface, an assumption
usually employed in two-zone models. A discontinuity exists
in the temperature gradient at the interface location. Thus,
the analytical solution of the interface is represented by a line,
not an area as obtained by the enthalpy method. A good
agreement between the two results is found when the value
of Pel Ste is small. However, a large deviation is seen in this
figure when Pel Ste is 1.0. This implies that the simplifying
assumption in SiegeFs model ( i .e . , very slow withdrawal rate
of the cast material and negligible convection), fails with an
increase in the withdrawal speed (7V, as expected. Also, an
increase in Pel Ste results in the interface moving downward,
as expected for increasing withdrawal speed. The curvature
of the interface is also larger for interfaces that are at a lower
position, implying larger temperature variation across the cast
material. The temperature field depends on the inlet tem-
perature, material, withdrawal speed, etc., and a significant
variation with v arises in several cases, as seen here.

In order to apply the enthalpy method, another situation
of the continuous casting process is considered. It is assumed
that a constant heat transfer coefficient exists at the mold and
heat is also extracted in the spray cooling zone. This is usually
the case in typical continuous casting processes.2 In the mold
the molten material is cooled indirectly, e.g., by circulating
cooling water through the jacket adjacent to the mold walls.
However, the solidified material beyond the mold can be

Analytical solution11

Solidification zone by enthalpy method

fl.- 1.1. £.0.4

0.0 0.5

Y = y/d

1.0

cooled direct ly, e.g., by water spray cooling. Therefore, ther-
mal energy is extracted at a faster rate in the spray cooling
zone than in the mold. A schematic of the process and the
relevant boundary conditions for this circumstance are shown
in Fig. 8. The aspect ratio is taken as 20. This aspect ratio
was found to be adequate to satisfy the boundary condition
of a developed temperature distr ibution at X = 20, Mold
cooling is assumed to apply from X = 2.0 to X = 10.0, and
secondary cooling from X = 10.0 to X - 20.0 in this case.

Isotherms and the shape of the liquid-solid interface zone
obtained numerically are shown in Figs. 9 and 10 for various
conditions. It was found that the streamlines are straight and
the flow is very uniform. Thus, for the conditions considered
here, buoyancy effects are small. At larger temperature dif-
ferences, the effects were found to be larger, as expected/2

The enthalpy model yields a region over which the phase

Mold Zone

Spray Cooling Zone

Fig. 8 Schematic diagram of a continuous casting process for a con-
stant heat transfer coefficient at the mold and spray cooling down-
stream, with the boundary conditions.

a) b)

Fig. 7 Comparison between the present results and the analytical
solution for the interface from Siegel.11

Fig. 9 Computed streamlines and isotherms for aluminum at Ste =
2.5, Pe = 0.8, Bil = 0.0, Bi2 = 0.1, and Bi, = 0.5: a) streamlines,
and b) isotherms.
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S- "-——— X o- X 5-

c) d)
Fig. 10 Computed isotherms for various Pe at 00 = 1.2, Bil = 0.0,
Bi2 = 0.1, and Bi3 = 0.5, showing the effect of material on the results
from the enthalpy method: a) Pe = 1.0, Ste = 2.65 for w-octadecane;
b) Pe = 0.5, Ste = 2.65 for n-octadecane; c) Pe = 0.3, Ste = 2.65
for /*-octadecane; and d) Pe = 0.3, Ste = 2.5 for aluminum.

g-

X J

b) c)

Fig. 11 Effect of the cooling rate at the mold Bi2 on the results by
the enthalpy method for w-octadecane at Ste = 2.65, Pe = 1.0, #i,
= 0.0 and #/3 = 0.5: a) Bi2 = 0.05, b) Bi2 = 0.1, and c) Bi2 = 0.15.

change occurs. Due to heat removal from the molten material
at the mold sides, a solid skin is formed, retaining some l iquid
in the core of the mold. Thus, depending on the governing
parameters, the shape of the interface zone may not be flat.
The effects of the withdrawal speed U. on the isotherms and
on the shape of the solidification region are shown in Fig. 10
for //-octadecane at Ste = 2.65, 0() = 1.2, Bi\ = ( ) . ( ) , Bi, =
0.1, and #/, = 0.5. As expected, the liquid-solid interface
zone moves downstream as Pe is increased. The properties
of a luminum are applied to the enthalpy method to see the
effect of a different material. When a different material is
used, Ste changes and the thermal properties, such as vt. and
A',., are also affected. The results for a luminum at Ste = 2.5,
pc = 0.3, 0n = 1.2, Bi, = 0.0, #/, - 0.1, and Bi, = 0.5 are
shown in Fig. lOd. It is found that the upstream conduction

SI

a) b) c)

Fig. 12 Effect of the liquid inlet temperature 00 on the isotherms for
w-octadecane at Ste = 2.65, Pe = 1.0, fii, = 0.0, Bi2 = 0.1, Bi3 =
0.5: a) 00 = 1.1, b) 00 = 1.4, and c) 00 = 1.5.

effect is very significant for a luminum due to the high thermal
conductivity of the material. Thus, the solidification process
for aluminum starts earlier and finishes earlier than that for
//-octadecane.

The effect of the cooling rate at the mold as given by Z?/2,
is also shown in Fig. 11 for //-octadecane. The trends are very
similar to those from the one-dimensional, two-zone model.
It is found that the solidification process starts farther up-
stream as the cooling rate is increased. As expected, the so-
lidification region moves downstream as cooling rate is de-
creased. The cooling rate also affects the t empera ture
distribution downstream of the solidification region. The ef-
fect of Gr on the results is studied by varying the liquid inlet
temperature 0(}. Figure 12 shows the results when 0(} is varied
from 1.1 to 1.5 for //-octadecane. It is seen that, as expected,
the solidification region moves downstream with increasing
0() and the temperature variation across the cast material also
increases. The streamlines were not found to be significantly
affected by this variation in 0(). For brevity, only a few typical
results are shown here. The main thrust of the study was to
demonstrate the use of the enthalpy method for this problem
and to evaluate axial conduction and buoyancy effects, solving
the ful l elliptic equations. The approach can be used for a
wide range of materials and operating conditions, with or
without phase change.32

These results are valuable in the evaluation of the effects
of the various physical variables in the problem such as cooling
rate at the mold and withdrawal speed of the cast material,
etc., on the position and shape of the interface zone. Since a
flat interface is desirable to get better uniformity in the cast
product, the interface shape may be controlled by varying the
cooling rate in the mold or the withdrawal speed of the cast
material . However, the productivity is decreased by reducing
the withdrawal speed, and the production cost is increased
by increasing the cooling rate. Several other circumstances
were considered and similar trends were obtained. The results
presented here are of interest and importance in obtaining a
better control of existing continuous casting processes leading
to improved product qual i ty and increased productivity, and
for the design and optimization of future systems.

Conclusions
Two simple one-dimensional, three-zone models are devel-

oped for continuous casting and other phase-change processes.
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and are solved analytically. A one-dimensional, two-zone model
for the continuous casting process is also developed and solved
numerically, employing the finite-difference method. Simpli-
fications are made to obtain exact solutions of the temperature
distributions, the solidified material thickness, and the solid-
liquid interface location. The results are found to follow the
expected physical trends and to agree with results in the li t-
erature. A two-dimensional enthalpy model has also been
developed to solve the continuous casting problem, consid-
ering axial diffusion and thermal buoyancy effects. The ther-
mal field, flowfield in the liquid zone, and the mass fraction
of the liquid are calculated.

The results obtained show good agreement with earlier an-
alytical solutions when the Peclet number is small (which was
assumed to be the case in the earlier analytical model). As
the Peclet number is increased, a solid skin is formed at the
sides of the mold wall while l iquid stil l exists in the core region.
The shape of the interface can be controlled by varying the
governing parameters for better product quali ty. It is also
found that, as expected, the liquid-solid interface position
moves downstream as Pe or 0(, increases or as the cooling
rates are decreased. This article presents a few analytical and
numerical approaches to the simulation of a continuously
moving material undergoing a phase-change process. These
are applied to continuous casting and the results obtained are
compared with those in the literature. However, the methods
can be employed for other phase-change processes in moving
materials, such as crystal growing, plastic extrusion, and glass
fiber drawing.
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